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A CA/MC model for the simulation of grain

structures in solidification processes
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A CA/MC model is established to simulate the grain structures of solidification processes. It
first describes the envelop of grain by using Cellular Automaton technique, then the
interior of grain is corrected by Monte Carlo method. In this paper, solute field is calculated
in microscopic scope, and the solute redistribution in solid/liquid interface is calculated by
using Actual Solute Partition Coefficient model. The CA/MC model is applied to simulate
the microstructure evolution of Al-4.5% (mass) Cu alloy in water-cooled Cu mould. It shows
that the simulation result is agreement with that obtained experimentally.
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1. Introduction
In recent years, many models used for structure sim-
ulation have been developed. For example, Wang and
Beckermann developed the Multiscale and Multiphase
model, which is based on the volume averaging tech-
nique [1–3]. Brown, Spittle, Zhu and Smith established
Monte Carlo (MC) method based on the law of the
lowest energy [4–6]. Rappaz and Gandin developed the
Cellular Automaton (CA) technique to simulate struc-
ture formation [7], in which the physical mechanism of
growth of dendritic grains is involved. Subsequently, a
coupled Finite Element-Cellular Automaton model for
the prediction of grain structure is developed by Rappaz
et al. [8].

The aim of the present contribution is to present
CA/MC model, which combines CA technique and MC
method in an effective way. By CA/MC model, the evo-
lution of amount, size and appearance of grains can be
simulated better than those only by CA technique or
MC method.

2. Heat flow calculation
Thermal field is the necessary data for the simulation
of grain structures. In present study, thermal field at
any moment is calculated by Alternant Explicit Dif-
ference (AED) method, which absorbs the advantage
of Explicit Difference method and Implicit Difference
method. Here, the latent heat released is calculated ac-
cording to the solidification fraction fS , which can be
fed back from the results of structure simulation. The
heat latent released in unit volume, q̇, is given by

q̇ = ρ · �h · ∂ fS

∂t
(1)

where ρ is density, �h is heat latent.

3. Solute calculation
In this paper, solute diffusion is calculated by the Di-
rect Finite Difference method. In addition, a new model

based on structure simulation is proposed to calculate
the solute redistribution in the solid/liquid interface.
The rejected solute from the cell of phase change are
calculated according to the actual solute partition coef-
ficient ka , and the cell which phase change occurred can
be got by the structure simulation. It is because that so-
lute calculation and structure simulation share the same
meshes that are used for the microscopic simulation.

For a cell of phase change, the solute conservation
equation is

ρVc

(
ωL +

n∑
i=1

ω′
Li

)
= ρVc(ωS + ω̄′

L · n) (2)

where ωL is the solute mass fraction before phase
changing, and ωS is the solute mass fraction after phase
changing,

∑n
i=1 ω′

Li is the sum of solute mass fraction
of all the liquid cells neighbor to the current cell, and
n is the number of all the neighbor liquid cells, ω̄′

L is
the averaging solute mass fraction of all the neighbor
liquid cells after phase changing, Vc is the volume of
the current cell.

According to the definition of the actual solute par-
tition coefficient, there is

ka = ωS

ω̄′
L

(3)

Here, ω̄′
L is taken as the solute mass fraction of liquid

in the solid/liquid interface.
In addition, it should be pointed out that Ka is not

equal to K0 which is the solute equilibrium partition
coefficient.

In the near equilibrium situation, ka can be calculated
by the Button model [9]

ka = k0

k0 + (1 − k0) exp

(
− R

DL
δ

) (4)
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where, R is the solidification rate, δ is the thickness of
diffusion boundary layer.

In the near rapid solidification situation, Aziz model
is often used to calculate ka [10]. For the step growth,
there is

ka = k0 + (1 − k0) e
(
− 1

β

)
(5)

For the continuous growth, there is

ka = β + k0

β + 1
(6)

where β = Rd
DL

, DL is the solute diffusion coefficient
of liquid, d is the thickness of atom layer in the so-
lidification direction, here it is equal to atom diameter
approximately.

According to the Equations 2–4 or 5 or 6, the ωS can
be got. Then the rejected solute of the current cell when
phase change occurs are given by

�S = ρVc(ωL − ωS) (7)

Then, the rejected solute, �S, are distributed to the
neighbor liquid cells of the current cell according to
the specific coefficient pi · pi = �Ti/�Tsum, �Ti is the
temperature difference between one of the neighbor liq-
uid cells and the current cell, �Tsum is the sum of all
the temperature difference. The solute redistribution in
the front of solidification is finished by this approach.

The solute calculation model above is well adapted
for the numerical simulation.

4. Nucleation
A continuous nucleation distribution, dn/d(�T ), can
be used to describe the grain density increase, dn, which
is induced by an increase in the under-cooling, d(�T ).
Therefore, the total density of grains, n(�T ), which
have been nucleated at a given under-cooling. �T , is
given by the integral of this distribution [8]

n(�T ) =
∫ �T

0

dn

d(�T ′)
d(�T ′) (8)

In the present work, two different Gaussian distribu-
tions are used to describe heterogeneous nucleation at
the mould surface and in the bulk of the melt respec-
tively. It is shown in Fig. 1. The total density of grains,
n(�T ) is then given

n(�T ) = nmax√
2π�Tσ

∫ �T

0

× exp

[
− 1

2

(
�T ′ − �TN

�Tσ

)2
]

d(�T ′) (9)

where nmax is the number of original nucleation sites,
�TN , �Tσ are mean under-cooling and standard devi-
ation respectively. If the extinction of nucleation sites

Figure 1 Nucleation site distributions for nuclei formed at the mould
wall and in the bulk of the liquid.

by the growing grains is taken into account, then Equa-
tion 9 should be multiplied by (1 − fS).

5. Growth algorithm
In the present work, two different size meshes are re-
spectively used for calculation of thermal field and sim-
ulation of grain structures. The larger one is called
“element”, and the smaller one is called “cell”. In order
to simulate the grain structures more easily, an effective
data organization of cells is needed. The data organiza-
tion of a cell is shown in Table I.

Before calculation, each cell is initialized by given a
unique number. In addition, the nucleation mark is set
“false”, and the value of crystal orientation is assigned
“−1” which represents liquid. The temperature of each
cell can be got from macro thermal field by rectangle
interpolation.

Let consider first a cell generated by random
sampling.

1. If the cell under-cooling, �T < 0, nothing to
do but continue to choose the next cell by random
sampling.

2. If the cell is liquid, the nucleation calculation will
be done. According to the nucleation model, there is

δn = n[�T + δ(T )] − n(�T )

=
∫ �T +δ(T )

�T

dn

d(�T ′)
d(�T ′) (10)

where δn is the grain density increase in one time-step,
and δ(T ) is the under-cooling increase in one time-step.

TABLE I The data organization of a cell

Cell number
Temperature
Under-cooling
Concentration
Nucleation mark
Crystal orientation (integer)
Near mould mark
Material mark
Number of neighbor cells
Number of nucleation cell
Grain information (the radius of dentritic tip, the

length of dendrite arm. etc.)
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Then the nucleation probability pn is given by

pn = δnVc (11)

If pn > r , r , is a random number (0 ≤ r ≤ 1), the cell’s
nucleation succeeds. This cell transforms from liquid
to solid, a random integer (>0) which represents a cer-
tain crystal orientation is assigned for it, the nucleation
mark is set “true”, meanwhile, the calcualtion of solute
redistribution is done for it.

3. If the cell is a nucleation site (the nucleation mark
is “true”), the growth calculation is done for the grain.
The radius and the velocity of dendritic tip can be given
by KGT model, therefore, the length of dendritic arm,
L , can be obtained and the grain information can be
updated in current time-step.

4. If the cell is solid and some of its neighbor cells are
still liquid, the entrapment of a neighbor liquid cell by
the growing grain, which possesses of the current cell,
can be done by using CA/MC model. The procedure is
detailed below.

The grain that possesses of the current cell is labeled
“A”. The envelop of grain A can be described by the
following equation which is reported by Beckermann
et al. [11].

X tip

R
= 0.668

(
Z

R

)0.859

(12)

Or

X tip = 0.668 R0.141 Z0.859 (13)

The symbols in Equation 12 are shown in Fig. 2.
In order to establish the capture rule easily, the co-

ordinate transformation is needed here. The coordinate
origin is translated first to the nucleation site of grain
A, and the coordinate system is rotated to make the co-
ordinate axis coincide with the primary arms of grain
A, as shown in Fig. 3.

Figure 2 The dendritic envelop normalized by Beckermann.

Figure 3 Coordinate transformation (a) originality (b) translation (c) rotation.

The corresponding mathematical manipulation is
given by
Translate to (x0, y0),

x ′ = x − x0

y′ = y − y0 (14)

Rotate angle, θ ,

x ′′ = x cos θ + y sin θ

y′′ = y cos θ − x sin θ (15)

At the base on the coordinate convertion, it is easy to
judge whether a liquid cell is captured by grain A in
current time-step. First, take into account the situation
that the liquid cell is in the first quartile (x ′′

l ≥ 0, y′′
l ≥ 0),

as shown in Fig. 4. According to the Equation 13, for a
liquid cell (x ′′

l , y′′
l ), there is

(a)

Z = L1 − x ′′
l

X tip = 0.668 · R0.141
1 · Z0.859 (16)

If y′′
l ≤ X tip, the liquid cell is captured by the dendritic

arm “1”.
(b)

Z = L2 − y′′
l

X tip = 0.668 · R0.141
2 · Z0.859 (17)

If x ′′
l ≤ X tip, the liquid cell is captured by the dendritic

arm “2”.
If the situations of (a) and (b) are all false, the liquid

cell is not captured by grain A. Otherwise, the liquid cell
is in the envelop of grain A. The orientation of this liquid
cell is given the same value of grain A. Meanwhile, the
calculation of solute redistribution is done for it. If the
liquid cell is in other quartile, the similar judgement
can be done.

In addition, the other liquid neighborhood of the cur-
rent cell e.g., the second- and third-nearest etc. are
treated similarly by a recursive algorithm.

5. If the cell is solid and its neighbor cells are all
solid, nothing to do but continue to choose the next cell
by random sampling.

When all the cells have been chosen completely, the
work of next time-step will begin. The growth algorithm
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Figure 4 Diagram of relationship between liquid cell and grain.

Figure 5 Grain images simulated by CA technique (Gradation repre-
sents solute concentration).

above has the essentials of CA technique. The differ-
ence to Rappaz’s CA tecnique is the capture rule.

The CA technique presented here accounts for the
growth kinetics of the dendritic tips, and for the–
preferential growth directions. The grain images simu-
lated by this technique are shown in Fig. 5. It is noted
that the grain images are slightly different from the nor-
mal grains obtained experimentally. The reasons are
that the current CA technique only adopts a determin-
istic equation to describe the grain shape, and the equa-
tion is limited (Z � R) which does not adapt to the
dendritic tip, in addition, it does not accounts for the
branching mechanisms of dendrite.

In order to make up the deficiency of CA technique
above, MC method is used to correct the growth of grain
interior. MC also called random simulation method
based on the theory of probability statistics. The MC
method doesn’t only accounts for the effects of bulk
free energy and interfacial energy but also reflects the
random procedure and branching mechanisms of grain
growth.

When establishing the capture rule with the correc-
tion growth of MC method, if the liquid cell is not
captured by the judgement of CA technique, the fur-
ther judgement is done by MC method. The growth
probability for the liquid cell, Pg(x, y, t + �t) can be
calculated as follows

Pg(x, y, t + �t) =


0 �T ≤ 0

exp

(−�Fg(x, y, t + �t)

kbT

)
�T > 0

�Fg = �Fv + �Fs (18)

Figure 6 The area for MC correction growth.

Figure 7 Grain images simulated by CA/MC model (Gradation repre-
sents solute concentration).

Figure 8 Solidification structures simulated by CA/MC model.

where �Fg is the change of free energy, �Fv is the
change of bulk free energy, �Fs is the interfacial en-
ergy, and kb is the Boltzmann constant.

Then, the similar random procedure as nucleation
will be treated for the liquid cell. If pg > r , r is a random
number (0 ≤ r ≤ 1), the cell’s growth also succeeds.

In order to keep the CA technique leading status in the
simulation of grain growth, the area for MC correction
growth has to be limited, as shown in Fig. 6 (represented
by dashed circle).

The model combing CA technique and MC method
is called CA/MC model here. The grain images simu-
lated by using CA/MC model are shown in Fig. 7. It is
noted that the results are better agreement with experi-
mental observation than that of Fig. 5. Accordingly, the
solidification structures simulated by CA/MC model
are shown in Fig. 8. The amount, size and appearance
of grains can be seen more clearly compared with the
results only by CA technique or MC method.

6. Results and discussion
Fig. 9 shows the evolution of the grain struc-
tures, concentration field and temperature field during
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Figure 9 The formation of solidification structures simulated by CA/MC model.

solidification, which are simulated by the CA/MC
model, the Actual Solute Partition Coefficient model
and the Alternant Explicit Difference method respec-
tively. The two-dimensional ingot of Al-4.5% (mass)
Cu alloy corresponds to 5 × 6 cm2 billet cast in
a cooling-water Cu mould with cooling water flux
170 ml/min. The experimental observations of solid-
ification structures is shown in Fig. 10.

In Fig. 9a, at the beginning of solidification, a lot
of nuclei are formed at the surface of mould be-
cause of the chilling of cool water. These nuclei have
random orientations. As growth proceeds, only those
grains with their 〈10〉 crystallographic orientation most
closely aligned with the normal to the mould surface
are selected to form columnar grains, and this selection
mechanism is well reproduced by the CA technique.
The growth of these columnar grains is quickly re-
strained by the equiaxed grains formed largely in the
centre of the ingot due to the rapid increase of under-
cooling. Therefore, the underdevelopment columnar
grains are finally obtained. And that equiaxed grains

Figure 10 The final solidification structures of Al-4.5% (mass) Cu alloy
in water-cooling Cu mould.

grow further according to the branching mechanism
which is reflected by MC method adequately. It is ob-
vious that the formation of solidification structures can
be simulated well by the CA/MC model. Compared
with the final solidification structures of experiment
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as shown in Fig. 10, the simulation results are
believable.

In Fig. 9b, it is noted clearly that the solutes are en-
riched in the solid/liquid interface, and the solute seg-
regation occurs in grain and boundary. As growth pro-
ceeds, more and more solute are separated in the front
of interface, so that abundance solutes are left in the
final solidification area.

Fig. 9c shows the corresponding temperature field.

7. Conclusions
1. The Actual Solute Partition Coefficient model is
established to calculate the solute redistribution of
solid/liquid interface, which is based on the simulation
of solidification structures. The segregation in grain and
boundary can be simulated well by this model.

2. By combining the CA technique and MC method,
develop the CA/MC model for the first time. By using
the model, the evolution of amount, size and appearance
of grains can be simulated better than the results only
by CA technique or MC method.

3. The solidification structures simulated by using
CA/MC model are well agreement with the results ob-
tained experimentally.
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